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Abstract. We explain some recent developments in the theory of Neron models for 
families of Jacobians associated to variations of Hodge structures of weight —1. 

1. Classical Neron models 

1.1. Let A be an abelian scheme over a smooth curve S* C S. There is a unique group 
scheme As over S, called the Neron model, and satisfying the following property: For any 
smooth T over S, we have 

A S (T)=A(T S *), i.e. A T (T) = A Ts * (T s *)- 

Let H be the variation of Hodge structure of level 1 and weight —1 corresponding to A. 
Then we have for s £ S* 

A s = J(H S ) (:= H SiZ \H s , c /F°H S)C ). 
Note that the right-hand side is isomorphic to 

Ext MHs( Z > H s)i 

i.e. its element corresponds to the short exact sequence of MHS (see [Ca]) 

-»• H s -»• H' s ^ Z -»• 0, 

where MHS denotes the abelian category of mixed Z-Hodge structures [D2]. 

Assume the monodromy is unipotent at £ S \ S* . By [Sd] we have the limit mixed 
Hodge structure 

#oo = ((iloo.C^WO, (#oo,Q, W), #oo,z). 

This is closely related to the Neron model. Indeed, there is a short exact sequence 

-> -4,o -> ^5,o -> Go -+ 0, 
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where 

-4s,o := H Z v ,z\ H oo,c/F Hoo t c, 

and 

G := H 1 (A* 1 H z ) tor = Coker(T z - id) toi 
= (Im(T Q - id) n H^ z )/Im(T z - id) 
= Ker(T Q/z - id)/(Im of Ker(T Q - id)). 

For the last isomorphism we use the snake lemma applied to the endomorphism T of the 
short exact sequence 

— > H z — > Hq — > Hq/ z — > 0. 

This can be used to get a torsion normal function corresponding to a torsion cohomology 
class. 

1.2. Example. Let .A be a family of elliptic curves with monodromy T = ^ J ^ . Then 
A% = Z\C 2 /C = C*, G = Z/rZ, ^ S)0 = [fCT. 



2. Generalization by Zucker and Clemens 

2.1. Generalization by Zucker. Let H be a variation of Hodge structure of weight — 1 
on S*. we have the family of Jacobians 

J(H) :=U.es-J(H s )- 

Let C be the Deligne extension of Ho over 5 (see [Dl]), V the vector bundle corresponding 
to C/F°C, and V the image of j*H z in V where j : S* ^ S. 

2.2. Definition (Zucker extension) [Zu]. 

J|(H) :=f\V (fiberwise). 

Assume H geometric, i.e. H = B? v ~ x f^Lx* (p) with / : X* — > S 1 *. Then we have the 
following. 

2.3. Theorem (El Zein, Zucker) [EZ]. Let v be a normal function defined by an algebraic 
cycle a with 7(cr|xJ = 0. Then v extends to a section of Jf (H) over S, if 7(a) = 0. 

Here 7(0") denotes the cohomology class as a cycle. 

2.4. Generalization by Clemens. Assume 
Hypothesis (C) : N 2 = and Gr^ has type (0,0). 
Then we have the following. 
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2.5. Theorem (Clemens) [CI]. There is Jg (H) (Clemens Neron model) such that any 
normal function v on S* defined by an algebraic cycle is extended to a section of Jg(H) 
over S. Moreover, there is a short exact sequence 

- J#(H) - jf(H) - Go -+ 0, 

(H)o = H™ v z \H 00jC /F°H 00jC , 
Go = H 1 (A* 1 H z ) tor . 

In fact, Js'(H) is obtained by gluing Jg(H). 

3. Improvement using admissible normal functions 

3.1. By [Ca] we have a canonical isomorphism 

Ext MHs( Z ' H s) = ^(H s ) (:= H SjZ \H SjC /F°H SjC ), 

and a normal function v E NF(5'*, H) (which is a holomorphic section of J(H)) corresponds 
to a short exact sequence 

-> H -> H' -> Z s * -> 0, 
where the Griffiths transversality of z/ corresponds to that of H'. So we get 

NF(S%H) = Ext VMHS (Z5*,H) (c J(H)(5*)). 

By construction [Ca], this is induced by taking the difference of the two local splittings of 
and o"z of the above short exact sequence, where the a> is compatible with F and o"z is 
defined over Z. Note that the cohomology class 7(1/) G H 1 (S*, H) is defined by using the 
cohomology long exact sequence of the above short exact sequence. 

Let S* C S be a partial compactification such that S 1 \ S* C 5 is closed analytic. 

3.2. Definition (Admissible normal functions with respect to S* C S, see [Sa2]). 

NF(^,H)| d :=Ex4 MHS(s , )a/ (Z 5 ,,H) (c J(H)(S*)), 

where VMHS(5'*)| d denotes the category of admissible variation of mixed Hodge structure 
with respect to S 1 * C S. 

3.3. Definition. The category of admissible VMHS in the one-dimensional case is defined 
by the following two conditions of Steenbrink and Zucker [SZ] where (S, S*) = (A, A*): 

(a) The Gr^Gr^£ are free 0A-niodules (in the unipotent case). 

(b) The relative monodromy filtration exists. 
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3.4. Remarks, (i) In the non-unipotent case, (a) is not sufficient, and we have to take a 
ramified covering to reduce to the unipotent monodromy case (or use the ^/-filtration) . 

(ii) Condition (b) in the weight — 1 case is equivalent to a splitting of the short exact 
sequence of Q-local systems over A*. 

(iii) The generalization to the higher dimensional case is by the curve test, see [Ka]. 

3.5. Remark. Taking a multivalued lifting v of v in V, conditions (a), (b) correspond to 
the conditions given by Green, Griffiths, Kerr [GGK] (in the unipotent case): 

(a)' v has a logarithmic growth. 

(by TD-De Im(T Q -id). 

Note that the variation Tv — v gives the co homo logy class of v. 

Using the theory of admissible normal functions, we can show the following. 

3.6. Theorem [Sa2]. Theorem (2.5) holds for any admissible normal function v (not 
necessarily associated to an algebraic cycle) without assuming the hypothesis (C), and 
Jg(H) has a structure of a complex Lie group over S . 

The key point is the following generalization of Theorem (2.3). 

3.7. Proposition [Sa2]. For an admissible normal function v on S* , v extends to a section 
of Jg (H) if and only if 70(f) = 0. 

Here 70(f) is the cohomology class of v\&* where A C S is a sufficiently small disk 
with center 0. Theorem (3.6) is then proved by setting 

^(H)|a:=U s6Go (^ + ^#(H)|a), 

where v g G NF(A*,HA*) A d such that 70 iy g ) = g. This is independent of the choice of v g 
by Proposition (3.7). 

3.8. Remark. If H corresponds to an abelian scheme A, then 

even in the non-unipotent case, see [Sa2], 4.5. 

4. Generalization by Green, Griffiths and Kerr [GGK] 

4.1. Problem. In general, Jg (H), Jg (H) are not Hausdorff as is shown by an example 
in [Sa2], 3.5(iv) where has type 

(1,-1), (-1,1), (0,-2), (-2,0). 
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4.2. Theorem (Green, Griffith, Kerr) [GGK]. Except for the last assertion on the structure 
of a complex Lie group over S, Theorem (3.6) also holds for a subspace J GGK (H) of Jg (H) 
which is obtained by replacing Jf(H) with 

j§ gk (h)° ■.= j(hz v ) (= hz: z \hz: c /f°hz: c ), 

where '■= Ker N C with N = logT. 

Here the monodromy is assumed unipotent. Note that J GGK (H) is not an analytic 
space in the usual sense, see [GGK] . We have moreover the following. 

4.3. Theorem [Sa3]. As a topological space endowed with the quotient topology, J GGK (H) 
is Hausdorff {assuming dim S = 1). 

4.4 Remark. These assertions can be extended to the case dim S > 1 if D := S \ S* is 
smooth. 

4.5. Corollary. The closure of the zero locus of an admissible norma function is analytic 
if D is smooth. 

4.6. Remark. This is independently proved by P. Brosnan and G. Pearlstein using another 
method, and they recently give a proof in the general case [BP], see also [KNU], [SI]. The 
generalization of (4.3) seems to be closely related to [CKS]. 

5. Generalization by Brosnan, Pearlstein and Saito [BPS] 

5.1. Assume S* smooth, but S may be singular. Consider the inclusions j : S* S and 
i s ■ {s} S for s e S. Set 

H s := H°i* s (Rj*H) (= hm#°(L/nS*,H)), 
J(H S ) := Ext^Z, tf s ) (= H s , z \H s , c /F°H s ,c). 

5.2. Identity component of the BPS-Neron model [BPS]. Define 

J| PS (H)° := UseS J ( H s) (set-theoretically). 
Then Jg PS (H)° is a topological space (using a resolution of S), and 

^ BPS (H)i := jr s m°\ Sa 

is a Lie group over S a for any stratum S a of a Whitney stratification of (S, D). Moreover, 
v defines a continuous section of Jf PS (H)° if 7 s (f) =0 (Vs G D). Indeed, v corresponds 
to a short exact sequence 

-> H -> H' -> Z s * -> 0, 
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and this induces a long exact sequence 

-> H°i*-Rj*n -> if^R^H' -> Z -> tf^R^H. 

So we have z/ s e J(H S ) if 7 s (z/) = 0. 

For the reduction to the normal crossing case, set 

NF (a) (5*, H)| d := {1/ G NF(S*, H)| d | 7 » = 0}. 

Then we have the following. 

5.3. Proposition. For n : 5" — > S 1 proper with S'* := n~ 1 (S*) smooth, we have the 
commutative diagram 

NF (s) (S*,H)| d - NF (s0 (S'*,7r*H)| d 

I I 
J{H S ) - J(# s ,) 

5.4. Definition. Set G s := {images of admissible v\ C i7 1 z*R < 7*H, and 
Then we can prove the following. 

5.5. Theorem [BPS]. There exists J| PS (H) over S together with an exact sequence 

- J| PS (H)° - jf PS (H) ^ G ^ 0, 

and any admissible v on S* is extendable to a continuous section of J PPS (H) over S . 

This is shown by generalizing the gluing argument in the proof of Theorem (3.6) in 
the one-dimensional case. 

5.6. Remarks, (i) A. Young [Yo] constructed a generalization of Neron model for families 
of Abelian varieties defined on the complement of a divisor with normal crossings where he 
assumes that the local monodromies are unipotent and the identity component is similar 
to the classical construction [Na]. 

(ii) C. Schnell [SI] has given a definition of a Neron model whose identity component 
j| ch (H)° is Hausdorff by using the Hodge filtration of Hodge modules [Sal] where the 
partial compactification S is smooth although S \ S* is not necessarily a divisor with 
normal crossings (see [SS] for the one-dimensional case). 

(iii) In the case of abelian schemes over curves, we get something different from the classical 
Neron model if the monodromy is non-unipotent. Indeed, for a family of elliptic curves 
with non-unipotent monodromy, we have 

J(H )=pt, 
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(since H := H ^!! = 0), and there is a l blow-dowri map 



A% n = J%(H)^ Jf Pb (H), 
such that the image of A% n = Jg(H)o = C is J (Ho) = pt. 

(iv) It is very difficult to determine Go even in the normal crossing case. Indeed, there is 
a cohomology class map 

NF((A*) n ,H Q )f„ ^Hom M Hs(Q,H 1 (IC ( A*)»H Q ) ), 

which is surjective if H is a nilpotent orbit, but it can be non-surjective in general [Sa4]. 
However, this does not seem to contradicts the strategy of Green, Griffith for solving the 
Hodge conjecture since it seems to occur only in rather artificial occasions, e.g. when an 
unnecessary blowing-up is made. 

(v) As is remarked by C. Schnell [SI], the topology of the Neron models which graph 
any admissible normal functions with non-vanishing cohomology classes can be rather 
complicated even in the abelian scheme case [Yo] as is shown by the example below if 
dimS>2. 

5.7. Example. Let S = A 2 , S* = (A*) 2 , and p : S — > A be the morphism defined by 
p(ti, t 2 ) = t±t2- Let H 1 be the nilpotent orbit of weight —1 having an integral basis eo, e\ 
such that Ne = e\ and F H OO;C = Ce . Set H = p^H 1 . Then 

G — Z (non-canonically), G s = (s 7^ 0), 

jf PS (H)° = C*xA 2 /r' with 

r' = {(xMM) e C*x(A*) 2 I x = (ht 2 ) k (k e Z)}. 

For (p, a) G ZxC*, there is an admissible normal function v Pj0t with respect to S* C S 
defined by 

x = od\ = at\ +p t k 2 mod V for any k E Z. 

Its cohomology class 7o(f P ,a) G Go — Z is equal to p up to a sign, and the closure of 
its graph over S* contains the 0-component J| PS (H)|] = C* of J| PS (H) if \p\ > 2 
(restricting over a curve defined by t 2 = ftt^ -1 with (3 G C*). However, the extended 
section I7 p a over S passes through the 7o(^ PjQ ,)-component of J5 PS (H) by construction. 
(Here the value V PyCe (0) at the origin depends also on a, and this induces an isomorphism 
ZxC* ~ Jg PS (H)o- In particular, for any admissible normal function v, there is a unique 
(p, a) G ZxC* such that 17(0) = z7 p , a (0). Then the above assertion on the closure of the 
graph holds for any admissible function v with |7o(^)| > 2.) 

The above argument implies that Jj? PS (H) cannot be Hausdorff as a topological space, 
and this would be the same for the Neron models in [SI], [Yo] which should coincide 
with Jg (H) for this simple example (even if the identity component j| ch (H)° in [SI] is 
Hausdorff in general) . 
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